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Abstract— Precise range information is essential for
high-precision network localization, where clock drifts will
severely degrade the ranging accuracy. Two-way ranging
methods are commonly adopted to mitigate those effects in
localization networks but requiring a large amount of signal
transmission to measure the distance between all pairs of
nodes. This paper establishes a network localization framework,
which fully mitigates clock drifts using only a minimum
number of signal transmissions. The enabler is the proposed
signal-multiplexing network ranging (SM-NR) method that
minimizes communication overhead via signal multiplexing and
eliminates clock drifts by exploiting the interconnections of
timestamps. The proposed localization framework also allows
some nodes to work in silent mode, of which the positions can be
precisely determined without extra ranging signal transmissions.
Simulation results show that the proposed algorithm can achieve
high-precision localization in the presence of clock drifts with
minimum signal overhead.

Index Terms— Network ranging, localization, clock drift, time
of flight, time difference of flight.

I. INTRODUCTION

REAL-TIME high-precision localization service plays a
vital role in multifarious emerging applications such

as the Internet-of-Things (IoT) and autonomous vehicles.
The global positioning system (GPS) is the most common
localization infrastructure, while its effectiveness is limited
in harsh propagation environments, e.g., buildings, subways,
and mines [1]–[3]. Network localization owns the merits of
low-cost and wide-coverage and has the potential to achieve
sub-meter level localization accuracy in GPS-challenged sce-
narios [4]–[6].
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Fig. 1. (a) An illustration of an asynchronous network with three active nodes
and two silent nodes. (b) The geometrical relationship between the absolute
range di,j and the differential range Rk;i,j , where i, j are two active nodes
and k is a silent node.

Precise range information is desired in network localization
systems to achieve high-precision results, which is commonly
obtained by measuring wideband signal propagation time
thanks to its high temporal resolution [7]–[9]. However, due
to inherent clock characteristics such as the deviations of the
electronic components from their nominal values, and external
factors, such as voltage changing and hardware aging, there
exists a significant frequency deviation between the true time
and the clock time [10]–[13], which will greatly influence
the ranging performance. For example, for a commercial
crystal-quartz clock oscillator with frequency varying up to
40 ppm, the clocks will loose 40 ns in a millisecond and
result in range error of few meters [14]–[16]. Several ranging
methods have been proposed to mitigate the clock drifts for
high-precision localization. Before revisiting existing methods,
we introduce some terms for ease of illustration.

A ranging network is shown in Fig. 1 (a). Each node has
two modes of operating: the active mode and the silent mode,
where the operating mode is fixed in one ranging period but
can be different across different ranging periods. For ease
of expression, we refer to a node that works in the active
mode as an active node and that works in the silent mode
as a silent node. Active nodes transmit ranging signals and
receive signals from other active nodes, while silent nodes only
receive ranging signals from active nodes. In this network,
two kinds of range parameters, the absolute ranges and the
differential ranges, are to be estimated. Specifically, absolute
ranges are defined as the distances between two nodes, while
differential ranges are the distance differentials between two
node pairs. For clarity, we plot Fig. 1 (b) to explicitly illustrate
the relationship between the absolute range and the differential
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range. In parallel to ranges, the ranging methods are divided
into two categories, i.e., active ranging and silent ranging. The
goal of active ranging is to determine the absolute pairwise
ranges between active nodes, and that of silent ranging focuses
on determining the differential ranges between silent-active
node pairs.

A. Related Works

The most popular active ranging method is the two-way
ranging (TWR) method [17], in which each node transmits a
signal and the distance is estimated by measuring the round-
trip time-of-flight (ToF) [18]. However, due to clock drifts,
directly implementing TWR will lead to meter-level ranging
errors [19]–[21], which is unacceptable for high-precision
localization. Many TWR variations have been proposed to
resolve the clock drifts, such as the single-sided TWR [20],
the alternative double-sided TWR (AltDS-TWR) [20], the dou-
ble TWR [22], the double-sided TWR [23], the asym-
metric double-sided TWR [24], the symmetric double-sided
TWR [25], the symmetric multi-way ranging [26], and the
network-based TWR (NB-TWR) [27]. Theoretical analyses
and field tests have shown that AltDS-TWR in [20] is the
most robust one to clock drifts [28]–[30]. Apart from accuracy,
spectral resource consumption is also an important aspect
when evaluating a ranging method. It is shown that the number
of required ranging signals of methods in [19]–[25] are square
of the network scale, meaning the signal overhead will grow
dramatically as the number of network nodes increases. For
example, three ranging signals are required by AltDS-TWR to
measure the distance between two active nodes, while 135 sig-
nals are required for the network within 10 active nodes.
Since mass signal transmissions always mean long latency,
large energy consumption, and heavy hardware resource occu-
pation [13], optimizing ranging methods to reduce signal
overhead is worth further investigation.

On the other hand, since silent nodes do not produce ranging
signal overhead, assigning some nodes working in silent mode
is an effective way for large-scale networks to save spectral
resources [31], [32]. Note that, since silent nodes do not
participate in signal transmission, the absolute ranges between
silent nodes and other nodes cannot be directly measured
[31]–[33] and only the differential ranges between silent and
active node pairs can be measured. Therefore, different from
active ranging, silent ranging is designed to determine the
differential ranges between silent and active node pairs via
measuring time-difference-of-flight (TDoF) [33]. There have
been several works on silent ranging, including the network-
based passive ranging (NB-PR) [27], the passive extended
ranging (PER) [33], the sequential time-difference-of-arrival
(S-TDOA) [31], and the passive ranging (PR) method in [32],
among which the best-performing one is the PER [33].
As for ranging efficiency, since silent ranging methods attach
themselves to active ranging and only available to particular
protocols, these methods are inapplicable to the designed
protocol in this paper. Moreover, most existing silent rang-
ing methods work relying on anchors with known positions
[31]–[33], while our work mainly focuses anchor-free net-
works.

Fig. 2. The proposed localization framework, which achieves high-efficiency
network ranging via signal-multiplexing.

B. Our Contributions

In this paper, we propose a high-efficiency localization
framework, which fully mitigates the clock drift effect using
a minimum number of signal transmissions. Our contributions
are summarized as follows.

• We establish a localization framework for networks in
presence of clock drifts (Fig. 2), which consists of
a ranging method with a minimum number of sig-
nal transmissions and a localization algorithm achieving
high-accuracy relative positioning.

• We propose a network ranging method named SM-NR,
which only requires the number of signal transmissions
being linear with the network scale and effectively elim-
inates clock drifts within designed maximum likelihood
(ML) ranging estimators.

• We develop a high-precision localization algorithm for
relative network localization. Theoretical analyses and
simulation results demonstrate that the developed local-
ization algorithm provides precise location awareness
with low signal overhead.

C. Organizations and Notations

The rest of the paper is organized as follows. In Section II,
we briefly introduce the system model and the considered
ranging problem. The proposed ranging method SM-NR is
detailed in Section III and its performance is analyzed in
Section IV. We present the network localization algorithm
in V. Numerical simulation results are provided in Section VI,
and finally the conclusions are summarized in Section VII.

Notation: The notation R denotes the set of real numbers;
variables, vectors, and matrices are written as italic letters
x, bold italic letters x, and bold capital italic letters X ,
respectively; random variables, random vectors, and random
matrices are written as sans serif letter x, bold letters x, and
bold capital letters X, respectively; the bold letters with hats
X̂ denote the estimators; Ezzz{·} is the expectation operator
with respect to the random vector z; Varzzz{·} is the variance
operator with respect to the random vector z; ‖ · ‖ denotes the
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Euclidean norm of its argument; superscript [·]T represents the
transpose of the argument; 1L indicates an L-length vector
with all elements being 1.

II. PRELIMINARY

In this section, we introduce the system model and formu-
late the ranging problem.

A. Nodes in Asynchronous Network

Consider an N -node asynchronous network with Na nodes
working in active mode and Ns nodes working in silent mode,
where N ≡ Na + Ns. Without loss of generality, let Na �
{1, 2, . . . , Na} and Ns � {Na + 1, Na + 2, . . . , Na + Ns}
denote the index sets of active and silent nodes, respectively,
and N � Na ∪Ns denote the index set of all nodes. The 2-D
position of node n (n ∈ N ) is denoted by pn = [xn yn]T ∈
R

2 and the position vector of all nodes is defined as

p =
[
pT

1 pT
2 · · · pT

N

]T ∈ R
2N . (1)

In this paper, the node positions p will be estimated accord-
ing to geometric relationships based on range estimations.1

Particularly, we focus on the centralized framework where
the measurements are processed in a fusion center, and we
will further extend the proposed framework for distributed
networks in Section III-C.

B. Ranges to Be Measured in Network

In the investigated network consisting of both active and
silent nodes, two kinds of range parameters, the absolute
ranges and the differential ranges, are to be estimated, which
are defined as follows:

• Absolute ranges: The distance between two nodes. Let
dn1,n2 and ToF(n1, n2) respectively denote the absolute
range and the ToF between nodes n1 and n2, which
satisfies dn1,n2 = cToF(n1, n2) where c is the light speed.
For a network with Na active nodes and Ns silent nodes,
only

(
Na
2

)
absolute ranges among Na active nodes can be

estimated.
• Differential ranges: The distance differential between two

node pairs. In particular, we focus on the differential
range between two silent-active node pairs. For example,
for silent-active node pairs (i, k) and (j, k) with node k
being a silent node and nodes i and j being active nodes,
the differential range is defined as

Rk;i,j = di,k − dj,k. (2)

It satisfies Rk;i,j = cTd(k; i, j), where Td(k; i, j) is the
TDoF between node pairs (i, k) and (j, k), defined by

Td(k; i, j) = ToF (i, k)− ToF (j, k) . (3)

For a network with Na active nodes and Ns silent nodes,
there are Ns

(
Na
2

)
differential ranges to be estimated in

total.

1The node positions also can be estimated based on the direction infor-
mation such as angle-of-departure and angle-of-arrival by equipping antenna
arrays [34]–[36]. Since clock drifts have limited effects on this kind of
information, we thus focus on eliminating clock drifts on distance information
in this paper.

C. Clock Model

When an active node transmits a ranging signal, each node
will capture a timestamp which characterizes the sending
time (itself) or receiving time of the signal. Let t

(n)
m denote the

true time of the m-th timestamp captured by node n (n ∈ N ).
However, due to non-ideal clocks, the timestamp measurement
(n)
m is modeled as [13]–[16]

(n)
m = (1 + e(n))t(n)

m + θ(n) = k(n)t(n)
m + θ(n) (4)

where θ(n), e(n), and k(n) denote the time offset associated
with the clock boot time, the clock frequency deviation, and
the clock skew of the n-th node, respectively [13]. We have the
following assumption on the clock frequency deviation e(n).

Assumption 1: According to the IEEE 802.15.4a stan-
dard [37], the clock frequency deviation e(n) is assumed as
a normalized random variable bounded by [−emax, + emax]
and independent of each other [37]–[39]. Moreover, since
the ranging period is usually very short (several millisec-
onds), the clock frequency deviations e(n) is assumed as
time-invariant within one ranging period. This is nevertheless
a standard assumption in most prior works [28]–[33].

Let e denote the overall vector of the clock frequency
deviation parameter e(n), given by

e =
[
e(1) e(2) · · · e(N)

]T
. (5)

Apart from clock drifts, in practice, the timestamp
(n)
m is also influenced by measurement errors, where the

influential factors include the hardware impairments, non-
line-of-sight (NLOS) paths, clock jitter,2 received signal-
to-noise ratio (SNR), timestamp detection method and
etc [38], [39], [44]–[46]. In this case, we model the timestamp
measurement as

(n)
m = k(n)t(n)

m + θ(n) + w(n)
m (6)

where w
(n)
m denotes the measurement error.3

In this paper, we aim to establish an efficient localization
framework for networks under the influences of non-ideal
clocks. Particularly, the ranging method is optimized to effec-
tively mitigate the clock effects with the minimum of ranging
signal transmissions. The clock model in (4) is first considered,
and further the clock model in (6) is theoretically analyzed
and numerically evaluated in Section IV-C and Section VI-C,
respectively.

III. SIGNAL-MULTIPLEXING NETWORK RANGING

METHOD

The proposed network ranging method is presented in this
section, including a ranging protocol, an ML ToF estimator,
and an TDoF estimator.

2Note that, compared with clock drifts, the impact of clock jitters is
negligible [40]–[42]. For example, for a standard SG2016 crystal oscillator
working at 20 MHz (±100 ppm), the clock jitter is within ±0.3 ps [43].
Then, if the ranging process takes 10 ms in total, the timing error caused by
clock drifts is about 1 us, while that caused by clock jitter is 60 ns in the
worst case [43]. Besides, the impact of clock jitters can be viewed as a part
of timestamp measurement errors, as shown in (6).

3This paper focuses on eliminating the impact of clock drifts for network
localization and the specific values of parameters in clock model (6) depend
on application scenarios, including but not limit to 5G ecosystem or WiFi.
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A. Ranging Protocol

For ease of illustration, we first consider a fully connected
network, where each ranging signal can be received by all
nodes in the network with line-of-sight (LOS) paths. In later
Section III-C, we will tackle partially connected networks to
remove this assumption.

An illustration of the proposed ranging protocol is shown
in Fig. 3, where the order of signal transmissions is pre-set.
Specifically, an active node launches the ranging process by
transmitting the first ranging signal.4 After a preset delay,
another active node transmits the second ranging signal.
By analogy, each active node will transmit a ranging signal in
turn, and the first-transmit node completes the ranging process
by transmitting the last ranging signal. For a network with Na

active nodes, this ranging protocol requires Na + 1 ranging
signals in total, which is shown as the minimal number of sig-
nal transmissions for high-precision ranging in Section III-D.
Under the assumption that each ranging signal can be received
by all nodes in the network,

(
Na
2

)
absolute ranges and Ns

(
Na
2

)
differential ranges can be measured, denoted by

ToF :=
{
ToF(i, j)

∣∣ i, j ∈ Na

}
(7)

Td :=
{
Td(k; i, j)

∣∣ i, j ∈ Na, k ∈ Ns

}
. (8)

Without loss of generality, assume the ranging signal trans-
mission order is the node number.

Let t and denote all the true timestamps and the observed
timestamps, given by

t =
[
(t(1))T (t(2))T · · · (t(N))T

]T
=
[
( (1))T ( (2))T · · · ( (N))T

]T
(9)

where t(n) and (n) are the true and the observed timestamps
by node n, respectively, given by

t(n) =
[
t
(n)
1 t

(n)
2 · · · t(n)

M

]T
(n) =

[
(n)
1

(n)
2 · · · (n)

M

]T
(10)

in which M := Na + 1 is the total number of transmitted
ranging signals during the measuring period. All the timestamp
observations are then transmitted to a fusion center for joint
processing to determine the ToFs and the TDoFs. Note that
there is no need to transmit timestamps using wideband
ranging signals, instead, low-cost wireless methods such as
Wifi, Bluetooth, and Zigbee are preferred.

Before introducing our range estimation algorithm, we first
discuss an intuitive ToF estimator to show the serious impact
of clock drifts on ranging accuracy. As the basis of derivation,
we define the notation D

(n)
i,j as follows.

Definition 1: Let n (n ∈ N ) denote an arbitrary node, i

and j denote two active nodes with i < j. Notation D
(n)
i,j =

t
(n)
j −t

(n)
i denotes the true time interval at node n between the

timestamps made by active nodes i and j. For D
(n)
i,j , the clock

offset factor θ(n) in clock model (4) and (6) is canceled out.

4The selection of the first node is flexible. For example, polling strategy is
a promising scheme to find out the best initial node that links as many nodes
as possible, so that the proposed ranging method can work efficiently.

Fig. 3. Illustration of the ranging protocol of the proposed SM-NR method,
where each black horizontal arrow line denotes the clock timeline, and the
colored arrow lines denote ranging signal transmissions. Active node 1, 2 and
3 transmit the first, the second, and the third ranging signal, respectively and
node k is a silent node.

As shown in Fig. 3, D
(i)
i,j = t

(i)
j − t

(i)
i characterizes

the round-trip time (RTT) and D
(j)
i,j = t

(j)
j − t

(j)
i represents

the waiting time at node j [47]. Thus, the ToF between i and
j satisfies

ToF(i, j) =
1
2

(
D

(i)
i,j −D

(j)
i,j

)
. (11)

However, due to clock errors, D
(n)
i,j is not available and

only its observation, denoted as
(n)
i,j which satisfies

(n)
i,j :=

(n)
j − (n)

i , can be obtained. Inspired by (11), an intuitive ToF
estimator without mitigating clock drifts is given by

T̂′
oF (i, j) :=

1
2

(
(i)
i,j − (j)

i,j

)
, (12)

of which the estimation error under model (4) can be derived
as

E′ (i, j) := T̂′
oF (i, j)− ToF (i, j)

=
1
2

(
(i)
i,j − (j)

i,j

)
− 1

2

(
D

(i)
i,j −D

(j)
i,j

)
=

1
2

(
e(i) − e(j)

)
D

(j)
i,j + e(i)ToF (i, j) (13)

which characterizes the effect of clock drifts e(n). The estima-
tion error E′ (i, j) is significant. For example, when e(i), e(j) ∈
[−20, +20] ppm, ToF (i, j) = 100 ns (i.e. 30 m), and D

(j)
i,j = 1

ms, the estimation error will be larger than 20 ns in the worst
case, resulting in an unacceptable range error around 6 m.
Therefore, to achieve high-accuracy ranging, the clock drifts
should be effectively mitigated.

B. ML ToF and TDoF Estimators

Using the protocol in Fig. 3, we next show how the proposed
SM-NR method mitigates clock drifts. We first introduce active
ranging, i.e., ToF estimation. With the timestamp observation

in (10), the ML ToF estimator T̂
�

oF is formulated as

T̂
�

oF = argmax
ToF

�e( ; ToF) (14)
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where �e(· ; ·) denotes the likelihood function with respect to
random vector e in (5). To solve (14), we define the following
term.

Definition 2: The synchronization time is defined as the
transmitted time interval between two signals from the first
node, denoted as T . Ideally, T = t

(n)
Na+1 − t

(n)
1 holds for any

node n ∈ N , as shown in Fig. 3.
Based on clock model (4), it can be verified that the

following relationships hold:

T(n1) = kn1T (15a)

T(n1)

T(n2)
=

k(n1)T

k(n2)T
=

k(n1)

k(n2)
, for n1, n2 ∈ N (15b)

where T(n) represents the synchronization time T observed
by node n ∈ N , i.e.,

T(n) := (n)
Na+1 − (n)

1 .

From (11) and (15), we note that the ToF between active
nodes i and j naturally satisfies

ToF(i, j) =
1
2

(
T

k(i)T
k(i)D

(i)
i,j −

T

k(j)T
k(j)D

(j)
i,j

)
=

T

2

(
(i)
i,j

T(i)
−

(j)
i,j

T(j)

)
. (16)

Then, based on (16) and using functional invariance, the ML
ToF estimation T̂�

oF(i, j) can be derived by replacing the
synchronization time T in (16) with its ML estimator, i.e.,

T̂� = argmax
T

�e( ; T ) (17)

To sum up, the ML ToF estimator T̂
�

oF in (14) is derived
in the following proposition.

Proposition 1: For the clock frequency deviation e(n) with
the probability density function (PDF) he(n) , the ML ToF
estimators defined in (14) can be described as

T̂�
oF(i, j) =

T̂�

2

(
(i)
i,j

T(i)
−

(j)
i,j

T(j)

)
, for all i, j ∈ Na (18)

wherein T̂� denotes the ML estimator of the synchronization
time T , given by

T̂� = argmax
T

N∏
n=1

he(n)

(
T(n) ; T

)
. (19)

Proof: Since the clock at each node is independent, (17)
can be rewritten as

T̂� = argmax
T

�e

(
T(1), · · · , T(N) ; T

)
= argmax

T

N∏
n=1

he(n)

(
T(n) ; T

)
. (20)

Given the distribution of e(n), the exact ML ToF estimation
can be obtained by substituting the PDF he(n) into (19) and
solving the optimization problem. �

Remark 1: From (19), we note that the ML estimator T̂�

is determined by the distribution of clock frequency deviation

parameters, which highly depend on the physical characteris-
tics of clocks [13], [38]. The IEEE 802.15.4a standard only
assumes that the clock frequency deviation e(n) is a random
variable bounded by [−emax, + emax], while the specific
probability distribution is not provided [37]. Similar to [21],
[30], [39], here we take the uniform distribution as an example.
Under the assumption that the clock frequency deviation is uni-
formly distributed in the interval [−emax, + emax], the ML
ToF estimator of the synchronization time T takes the form of

T̂� =
max
n∈N

{
T(n)

}
1 + emax

. (21)

Next, consider silent ranging. As shown in Fig. 3, since
silent nodes do not participate in ranging signal transmis-
sion, no such round trip related to silent nodes exists. Thus,
the absolute distances between silent nodes and other nodes
cannot be measured [31]–[33]. As an alternative, we estimate
the differential ranges, which characterize the distance differ-
ence between two silent-active node pairs.

From Fig. 3, we note that the following relationship holds
for arbitrary i, j ∈ Na and k ∈ Ns:

ToF(i, j) + D
(j)
i,j + ToF(j, k) = ToF(i, k) + D

(k)
i,k . (22)

Combining (3), (22) and (11), we have

Td(k; i, j) =
1
2
D

(j)
i,j +

1
2
D

(i)
i,j −D

(k)
i,j . (23)

Then, using the same method as the ToF estimators,
we obtain the ML estimators of the TDoFs, as shown in the
following proposition.

Proposition 2: For the clock deviation parameter e(n) with
the PDF he(n)(·), the ML estimation of the TDoF is given by

T̂�
d(k; i, j) =

T̂�

2T(j)

(j)
i,j +

T̂�

2T(i)

(i)
i,j −

T̂�

T(k)

(k)
i,j ,

for i, j ∈ Na and k ∈ Ns (24)

where T̂� is given in (19).

C. Extension to Networks With Partial Observations

We extend the above ranging method to address the cases
where only partial timestamp observations are available,
including partially connected networks and distributed net-
works.

1) Partially Connected Networks: Without LOS paths,
the absolute range between two nodes is unavailable and we
refer to these two nodes as disconnected.

Firstly, we discuss the case where all nodes have LOS links
with node 1, which means that the synchronization time T
can be well observed by all nodes. Let denote the whole
network timestamp observation, which takes the form of

=
[
(

(1)
)T (

(2)
)T · · · ( (N)

)T
]T

where
(n)

=
[

(n)
1

(n)
2 · · · card(N (n))

]T
denotes the

observed timestamps at node n. Here, N (n) denotes an active-
node set, where each element can build a round trip with node
n through LOS paths, and card (·) denotes the number of
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elements in the argument. Under this circumstance, the ML
estimator of the synchronization time T in (17) becomes

T̃ = argmax
T

�e

(
; T
)

. (25)

In particular, when the clock frequency deviation is uni-
formly distributed in [−emax, + emax], the ML ToF estima-
tion of T can be described as

T̃ =
max
n∈ �N

{
T(n)

}
1 + emax

where Ñ denotes the node set, of which the elements can
receive ranging signals form node 1. At this time, if an active
node i can receive signals from node 1, the ML ToF estimation
between active nodes i and j (j ∈ N (i)) is given by5

T̃oF(i, j) =
T̃

2

(
(i)
i,j

T(i)
−

(j)
i,j

T(j)

)
, for j ∈ N (i). (26)

Similarly, for silent node k connecting with node 1, the ML
TDoF estimation for it with active nodes i and j (i, j ∈ N (k))
is given by

T̃d(k; i, j) =
T̃

2T(j)

(j)
i,j +

T̃

2T(i)

(i)
i,j −

T̃

T(k)

(k)
i,j ,

for i, j ∈ N (k). (27)

Secondly, we discuss the case when a node n (n ∈ N/1)
connects with node 1 but only receives NLOS signals from
node 1. Denote two timestamp observations regarding the first
NLOS path as (n)

1 and (n)
Na+1. We note that the relationship

(n)
Na+1− (n)

1 = knT still holds.6 Thus, the clock drifts of node
n still can be mitigated using the proposed ranging method.
In this case, although the range estimation between node n and
1 is unreliable due to the lack of LOS path, the ranges between
node n and the nodes, which have LOS paths connecting with
node n, can still be reliably estimated.

Thirdly, we discuss the case where node n does not connect
with node 1. In such circumstances, the ranging method
fails due to lacking observations of synchronization time T .
Therefore, we address the network localization by cascaded
broadcasting, which can be achieved in a multi-hop way. For
example, consider a network within three active nodes, where
the communication link between nodes 1 and 3 does not exist.
We can first perform the proposed ranging method between
nodes 1 and 2. Then, we view node 2 as the first-transmit
node and perform the ranging method between nodes 2 and 3.

2) Distributed Networks: Furthermore, we extend the above
centralized ranging method for distributed realization, where
the ranging task is finished by several subtasks. For example,
denote the index set of subnetwork k as Nk, and then the ML

5For node j′ /∈ N (i), since the RTT D
(i)
i,j′ in (11) cannot be acquired,

the absolute range between i and j′ is not available.
6Since the ranging period is usually very short (several milliseconds),

the propagation environments during the whole ranging period can be viewed
as unvaried. Thus, the propagation time of the two NLOS signals from node
1 are almost equal and

(n)
Na+1 − (n)

1 = knT holds.

Algorithm 1 Signal-Multiplexing Network Ranging (SM-NR)
Input: An N -node network with active node set Na and

silent node set Ns;
Output: All absolute range estimations d̂i,j and differential

range estimations R̂k;i,j , where i, j ∈ Na and k ∈ Ns.
1: n← 1;
2: while n < Na + 1 do
3: Node n broadcasts a ranging signal;
4: n← n + 1;
5: end while
6: Node 1 broadcasts a ranging signal again;
7: The computing center estimates all ToFs and TDoFs

by (18) and (24), respectively;
8: Calculate absolute ranges d̂i,j and differential ranges R̂k;i,j

according to (29);
9: return All absolute range estimations d̂i,j and differential

range estimations R̂k;i,j .

TABLE I

REQUIRED RANGING SIGNALS OF DIFFERENT RANGING SCHEMES

estimation of the synchronization time T in (17) is redefined
as

T̃k = argmax
T

�e

(
{ n, n ∈ Nk} ; T

)
. (28)

After solving optimization problem (28) with certain proba-
bility density functions, T̃k is obtained. Subsequently, replac-
ing T̃ in (26) and (27) with T̃k, the ToF and TDoF parameters
in subnetwork k can be estimated in a distributed manner.

D. Summary of the SM-NR Method

We summarize the proposed SM-NR method in Algo-
rithm 1 and conclude its merit as follows.

In the presence of clock drifts, through using the SM-NR,
the signal overhead for realizing high-precision network rang-
ing has been significantly reduced. Specifically, for an asyn-
chronous network with Na active nodes and Ns silent nodes,
the proposed SM-NR method only requires Na + 1 rang-
ing signals to measure all

(
Na
2

)
ToFs and Ns

(
Na
2

)
TDoFs.

In comparison, to achieve the same goal, 3
(
Na
2

)
ranging

signals are required by employing the combination of the
popular active ranging method AltDS-TWR [20] and silent
ranging method PER [33]. To clearly show the efficiency
enhancement, we compare the proposed SM-NR with the
existing widely-adopted ranging methods AltDS-TWR [20]
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and NB-TWR7 [27], and present their ranging signal overhead
in Table I. It is shown that the signal overhead of the
AltDS-TWR is O(N2

a ), while those required by our works,
i.e., the NB-TWR [27] and the SM-NR, are O(Na). Particu-
larly, we prove that SM-NR has used the minimum number of
ranging signals in the following proposition.

Proposition 3: The proposed SM-NR method requires
Na + 1 ranging signals for measuring all ranges in a network
with Na active nodes, while Na + 1 is actually the minimum
number to achieve the goal of high-accuracy ranging.

Proof: Since each active node transmits at least one
signal (otherwise it degenerates to a silent node), the number
of required ranging signals is no less than Na. While if all
active nodes only transmit once, none node generates a syn-
chronization time T for clock drift elimination and thus only
the rough ToF estimation in (12) can be obtained, of which
the performance cannot meet the demand of high-precision
network ranging. As a result, Na +1 is the minimum number
of signal transmission for high-precision network ranging. �

Therefore, from the perspective of resource-saving, the pro-
posed SM-NR method is much more efficient than the state-
of-art methods, especially in large-scale networks. In the next
section, the precision merit of the SM-NR will be shown,
which confirms that clock drifts can be fully mitigated by the
proposed ML estimators.

IV. PERFORMANCE ANALYSIS

In this section, we evaluate the precision of the ToF
and TDoF obtained via the proposed SM-NR method. Here,
we assume the clock frequency deviation e(n) is a uniform
distributed variable, i.e., e(n) ∼ U(−emax, emax), which is
similar to [21], [30], [39].

Recall that di,j and Rk;i,j (i, j ∈ Na, k ∈ Ns) denote the
absolute range and the differential range between nodes i, j
and node pairs (i, k) and (j, k) and are estimated from the
ToF ToF(i, j) and the TDoF Td(k; i, j), respectively, given by

d̂i,j = c · T̂oF(i, j) and R̂k;i,j = c · T̂d(k; i, j) (29)

where T̂oF(i, j) denotes the estimation of ToF(i, j), T̂d(k; i, j)
denotes the estimation of Td(k; i, j), and c denotes the light
speed. Then, the measurement errors of di,j and Rk;i,j are
defined as

i,j = d̂i,j − di,j and k;i,j = R̂k;i,j −Rk;i,j . (30)

A. Precision of Absolute Range Estimations

We first evaluate the worst-case performance of the absolute
range estimation, and we obtain the following proposition.

Proposition 4: The worst-case performance of the absolute
range estimation d̂i,j in (29) can be described by

max
e
{| i,j |} =

2emax

1 + emax
di,j (31)

7The NB-TWR and the NB-PR are our parallel works published as a
conference paper [27], which also can measure all

�Na
2

�
ToFs and Ns

�Na
2

�

TDoFs within Na + 1 ranging signals. However, their precision are worse
than the SM-NR in this paper, as shown in Section VI.

where i,j , e and emax are defined in (30), (5) and (4),
respectively.

Proof: It can be verified that the estimation error of d̂i,j

takes the form of

i,j
(a)
= c

T̂�

2

( (i)
i,j

T(i)
−

(j)
i,j

T(j)

)
−di,j

(b)
= c

T̂�

T
ToF(i, j)−di,j

(c)
=
(

T̂�

T
− 1
)

di,j
(d)
=
( max

n∈N
{
T(n)

}
T (1 + emax)

− 1
)

di,j (32)

where (a) holds according to (18), (b) is obtained from (16),
(c) holds since cToF (i, j) ≡ di,j , and (d) is obtained based
on (21). Then, the maximum absolute value of (32) satis-
fies (31). �

From (32) we note that, compared with the intuitive esti-
mator in (12), the ML estimator of the proposed SM-NR has
fully mitigated the clock drifts. To see this, consider the same
evaluation setups in Section III-A, i.e., e ∈ [−20, +20] ppm
and ToF (i, j) = 100 ns (i.e. 30 m). Then, according to (31),
the worst-case value of i,j is about 1.2 mm, which is much
lower than the 6-meter worst-case error shown in (12) in
Section III-A.

Actually, the worst-case error (31) achieves only when
e(n) = −emax for all node n ∈ N , which rarely happens in
practice, especially when the network is large. Thus, we further
investigate the statistical performance of error i,j to com-
prehensively evaluate the proposed SM-NR method, and we
obtain the following proposition.

Proposition 5: The root mean square error (RMSE) of the
absolute range estimation d̂i,j is given by

RMSEi,j =
√

Ee

{
2
i,j

}
=

√
8

(N + 1) (N + 2)
emaxdi,j

1 + emax
.

(33)

Proof: See Appendix A. �
For comparison, the RMSEs of the proposed SM-NR and

the widely-adopted active ranging methods [20], [27] are
summarized in Table II. From Table I and Table II, we note
that the proposed ToF estimator achieves the same order of
magnitude accuracy as the state-of-art active ranging meth-
ods, but the signal overhead is significantly lower. Moreover,
different from the others, the RMSE of the ML estimator
d̂i,j is inversely proportional to the network size N , which
indicates that increasing the network size can enhance the
precision performance. This is because the more observations
of synchronization time T , the more accurate the ML estimator
of T will be, as in (20). Particularly, as N increases, the RMSE
of the SM-NR gradually approaches zero and we conclude that
the proposed SM-NR provides a high-efficiency way to realize
effective ranging in the presence of clock drifts, especially for
large-scale networks.

B. Precision of Differential Range Estimations

We evaluate the performance of differential range estima-
tors. Note that the error of R̂k;i,j in (29) can be derived as

k;i,j =
(

T̂�

T
−1
)

Rk;i,j =
( max

n∈N
{
T(n)

}
T (1 + emax)

− 1
)

Rk;i,j (34)
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TABLE II

THE PERFORMANCE OF DIFFERENT ACTIVE RANGING METHODS

which is very similar to (32). Thus, the worst-case error and
RMSE of R̂k;i,j can be similarly derived and are provided in
the following two propositions.

Proposition 6: The worst-case error of the differential range
estimation R̂k;i,j in (29) can be described as

max
e
{| k;i,j |} =

2emax

1 + emax
|Rk;i,j | , (35)

where the maximum value achieves when e(n) = −emax for
all n ∈ N .

Proposition 7: The RMSE of the differential range estima-
tion R̂k;i,j in (29) can be described as

RMSEk;i,j =
√

Ee

{
2
k;i,j

}
=

√
8

(N + 1) (N + 2)
emax|Rk;i,j |
1 + emax

. (36)

For comparison, the RMSEs of the proposed SM-NR and
the popular silent ranging methods [27], [33] are summarized
in Table III. From Table III we notice that, the RMSE of the
TDoF estimated by the SM-NR method has the same order
of magnitude as those of the existing widely-adopted silent
ranging methods. While different from the existing methods,
the RMSE of our work (SM-NR) is inversely proportional to
N , which indicates that the accuracy of TDoF estimations will
be improved by enlarging the network scale. Since silent nodes
do not consume any extra time-frequency resources, it is an
efficient way to improve the network ranging performance by
introducing the silent working mode.

C. Effect of Timestamp Measurement Error on Ranging
Precision

In this section, we evaluate the impact of timestamp mea-
surement errors in clock model (6) on ranging precision. For
ease of analyses, we consider the simplest scenario with two
active nodes, and assume emax = 0, the measurement error
w

(n)
m is a Gaussian random variable with zero mean and

variance σ2
w [39], and T̂� = T(1) without loss of generality.

Different from the clock model in (4) that the ranging
performance is independent of the synchronization time T ,
for the clock model in (6) within the measurement error w

(n)
m ,

the length of synchronization time T will affect the ranging
accuracy of the proposed SM-NR method. According to (6),

the ML ToF estimator of the proposed SM-NR method is given
by

T̂oF(1, 2)

=
1
2

(
(1)
1,2 −

T(1)

T(2)

(2)
1,2

)

=
1
2

⎛⎜⎜⎜⎜⎝k1D
(1)
1,2 −

k1T + w
(1)
3 − w

(1)
1

k2T + w
(2)
3 − w

(2)
1︸ ︷︷ ︸

synchronization term

(
k2D

(2)
1,2 + w

(2)
2 − w

(2)
1

)
⎞⎟⎟⎟⎟⎠

+
1
2

(
w

(1)
2 − w

(1)
1

)
. (37)

It is shown that, when the synchronization time T is
near 0, the synchronization term T(1)/T(2) is approximated

to w
(1)
3 −w

(1)
1

w
(2)
3 −w

(2)
1

, while when T goes to +∞, T(1)/T(2) approx-

imates to wanted ratio k(1)/k(2). In other words, the effect
of timestamp measurement errors will be significant when the
synchronization time T is short, and slight when T is long.
Thus, in practice, the interval between two signals transmitted
from the first node is expected to be long in order to reduce this
kind of error, i.e., T 	 w

(n)
m . Thereby, the ToF estimation (37)

is approximated by

T̂oF(1, 2) ≈ 1
2

(
D

(1)
1,2−D

(2)
1,2

)
+

1
2

(
w

(1)
2 −w

(1)
1 −w

(2)
2 + w

(2)
1

)
= ToF(1, 2) +

1
2

(
w

(1)
2 − w

(1)
1 − w

(2)
2 + w

(2)
1

)
.

(38)

and the lower bound of the RMSE of d̂i,j can be approximated
by

RMSE1,2 =
√

Ew

{
2
1,2

}
= cσw. (39)

Remark 2: Although longer synchronization time T can
reduce the impact of timestamp measurement errors on syn-
chronization accuracy, T cannot be too large. This is because
when the ranging period is long, e.g., at the second level,
the assumption that the frequency deviation parameter e(i)

is nearly fixed during the measuring period does not hold
any more. In this case, the parameter k(i)/k(j) cannot be
estimated by T(i)/T(j) and the proposed SM-NR fails. There-
fore, to reduce the effect of timestamp measurement errors
while maintain the usefulness of the SM-NR, we choose the
interval between the first and the last signal transmissions as
the synchronization time T , as shown in Fig. 3.
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TABLE III

THE PERFORMANCE OF DIFFERENT SILENT RANGING METHODS

TABLE IV

THE COMPUTATIONAL COMPLEXITIES OF DIFFERENT RANGING METHODS

D. Computational Complexities of Ranging Methods

In this section, we discuss the computational complexity of
the proposed SM-NR method and compare it with other rang-
ing methods. According to (18), computing a ToF estimator
requires one multiplication operation and two division opera-
tions. Then, it takes one multiplication operation to calculate
the absolute range according to (29). Therefore, for a network
with Na active nodes, computing all

(
Na
2

)
absolute ranges

needs 4
(
Na
2

)
flops. Similarly, according to (24), for a network

with Ns silent nodes, computing all Ns

(
Na
2

)
differential ranges

requires 7Ns

(
Na
2

)
flops. For ease of comparison, the computa-

tional complexities of the proposed SM-NR and other popular
ranging methods [20], [27], [33] are summarized in Table IV.
We can observe that, the computational complexity of the
proposed SM-NR has the same order of magnitude as those of
the existing methods. Particularly, the complexities of all active
ranging methods are O (N2

a

)
, while those of silent ranging

methods are O (NsN
2
a

)
. It indicates that the computational

complexity of ranging methods is proportional to the square
of the network scale.

In summary, compared with existing ranging methods,
the SM-NR method requires much fewer ranging signals,
meanwhile higher ranging precision is achieved. Thus, we con-
clude that the SM-NR is an efficient and effective ranging
method for networks under clock effects. To further demon-
strate the conclusion, numerical comparisons are provided in
Section VI.

V. NETWORK LOCALIZATION FOR ACTIVE AND SILENT

NODES

In this section, we will show how to realize network
localization using the obtained absolute and differential range
measurements for both active and silent nodes, and evaluate its
performance under a relative coordinate transformation metric
for arbitrary translation and rotation.

A. Joint Network Localization Algorithm

Based on the least square criteria, the node position p in (1)
is jointly estimated by minimizing the cost function L (p),
which is formulated as

L (p) =
2

Na(Na − 1)

∑
i,j∈Na

ηi,j fi,j (p)

+
2

Na(Na − 1)Ns

∑
i,j∈Na

∑
k∈Ns

ηk;i,j gk;i,j (p)

(40)

where
∑

i,j∈Na
:=
∑Na

i=1

∑Na
j=i+1, ηi,j and ηk;i,j are the confi-

dences of absolute estimation and differential range estimation,
given by

ηi,j =
1√

Vare{ i,j}
and ηk;i,j =

1√
Vare{ k;i,j}

and fi,j (p) and gk;i,j (p) are the square errors of d̂i,j and
R̂k;i,j , i.e.,

fi,j (p) =
(∥∥pi − pj

∥∥− d̂i,j

)2

gk;i,j (p) =
(∥∥pi − pk

∥∥− ∥∥pj − pk

∥∥− R̂k;i,j

)2

.
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The Newton’s method is adopted to minimize L (p) and the
iterative scheme is given by

p̂(r+1) = p̂(r) − ζ(r)v(r) (41)

where v(r) is the r-th iteration direction, i.e.,

v(r) =
∂L (p)

∂p

∣∣∣∣
p=p̂(r)

(42)

and the step length ζ(r) is determined as

ζ(r) =

∥∥v(r)
∥∥2(

v(r)
)T

H(r)v(r)
(43)

in which H(r) ∈ R
2N×2N is the Hessian matrix of L(p), i.e.,[

H(r)
]

i,j
=

∂2 L (p)
∂[p]i∂[p]j

∣∣∣∣
p=p̂(r)

.

Since the cost function L (p) is non-convex, the optimiza-
tion result highly depends on the selection of initial point.
To improve the accuracy, the positions of active nodes are
initialized using the multidimensional scaling (MDS) relative
localization method [48] and the positions of silent nodes
are initialized by the MDS-based time-difference-of-arrival
(TDOA) method [49]. The proposed joint network localization
algorithm is summarized in Algorithm 2.

B. Relative Position Transformation

In general, the position estimations p̂ from Algorithm 2
may be much different from the true positions p, since the
network lacks absolute coordinate reference. Indeed, the posi-
tion estimations p̂ from Algorithm 2 only characterize the
relative geometric relationships among nodes, i.e., the shape
of the network [50]. Thus, to better evaluate the performance
of Algorithm 2, we turn to the relative coordinate paradigm,
in which two shapes that are interconvertible through transla-
tion, rotation and reflecting are viewed as the same one. The
detailed definition regarding relative localization is given as
follows.

Given an estimation p̂, the relative position transformation
of p̂ is given by [51], [52]

SΨ(p̂) = R p̂ + [λx λy]ν (44)

where R = diag ∈ R
2N×2N with ∈

R
2×2 being the rotation matrices and taking the form of

(45)

in which is the rotating angles of the topology. The notation
ν = [Δx Δy ]T ∈ R

2 is the translation vector, and

λx = [1, 0, 1, 0, · · · , 1, 0]T ∈ R
2N

λy = [0, 1, 0, 1, · · · , 0, 1]T ∈ R
2N (46)

Then, the transformation vector is defined as Ψ = [ ν]T.

Algorithm 2 Network Localization for Active and Silent
Nodes

Input: ToF estimations T̂oF(i, j) and TDoF estimations
T̂d(k; i, j) (i, j ∈ Na, k ∈ Ns).

Output: Node position estimations p̂.
1: Calculate absolute/differential distances according to (29);
2: Initialize all active node positions by the MDS localization

method [48];
3: Initialize all silent node positions by the MDS-based TDOA

method [49];
4: r← 0;
5: while no convergence of cost function L

(
p̂(r)) do

6: Calculate the iteration direction v(r) and the step length
ζ(r) by (42) and (43), respectively;

7: Update the positions p̂(r);
8: Calculate the cost function L

(
p̂(r)) by (40);

9: r ← r + 1;
10: end while
11: return Position estimations p̂.

We aim to find the optimal transformation parameter Ψ
which minimizes the difference between p̂ and p by neglecting
translation, rotation, and reflecting errors, i.e.,

∗ = argmin
Ψ
‖SΨ(p̂)− p‖2 . (47)

The optimal solution to the above optimization problem (47)
has been given in [53], given by

(48)

where M̂ = [p̂1, · · · , p̂N ]T ∈ R
N×2, M = [p1, · · · , pN ]T ∈

R
N×2, and matrix U VT is the singular value decomposition

of M̂
T (

I −N−11N1T
N

)
M . With optimal ∗, the optimal

position estimation p̂ after relative transformation is given by

p̂opt = S ∗(p̂). (49)

Finally, the averaged relative position error for the whole
network is defined as

ε =

√∥∥p̂opt − p
∥∥2

N
. (50)

VI. NUMERICAL SIMULATION RESULTS

A. Benchmarks and Setups

In this section, we evaluate the effectiveness and efficiency
of the proposed SM-NR method and the network localization
algorithm with following 4 benchmarks:

• Benchmark 1 (AltDS-TWR [20]): A popular active
ranging method [30], which measures one absolute range
using three ranging signals.

• Benchmark 2 (PER [33]): A popular silent rang-
ing method, which can measure a differential range
without extra ranging signal required. Note that the
PER works associated with the active ranging method
AltDS-TWR [33].
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Fig. 4. The RMSE of (a) absolute ranges; (b) differential ranges against the maximal clock frequency deviation emax.

• Benchmark 3 (NB-TWR [27]): An active ranging
method in a parallel work of ours [27], which can mea-
sure all absolute ranges in the network simultaneously
and requires the same number of ranging signals as the
proposed SM-NR.

• Benchmark 4 (NB-PR [27]): A silent ranging method
in a parallel work of ours [27], which can measure all
differential ranges without extra signal overhead. Note
that the NB-PR only works with the active ranging
method NB-TWR.

We consider a 2-D scenario with Na active nodes and Ns

silent nodes being randomly distributed in a 200m×200m
square plane. The response delays of all nodes are set as
1 ms. The clock frequency deviations for all nodes e(n)

n ∈ N is modeled as uniformly random variables bounded
by [−emax, +emax] [21], [30], [39]. All the simulation results
in figures are the average results of 10000 independent exper-
iments, and the adopted performance metric to evaluate the
estimation performance is the average RMSE of

(
Na
2

)
absolute

ranges or Ns

(
Na
2

)
differential ranges, i.e.,

EToF = E

⎧⎨⎩
√

2
Na (Na − 1)

∑
i,j∈Na

2
i,j

⎫⎬⎭
ETDoF = E

⎧⎨⎩
√

2
NsNa (Na − 1)

∑
i,j∈Na

∑
k∈Ns

2
k;i,j

⎫⎬⎭ (51)

where i,j and k;i,j are defined in (32) and (34), respectively.

B. RMSE of the SM-NR

We first evaluate the performance of the proposed SM-NR
method under the ideal clock model in (4), where only the
clock drifts affect the accuracy of timestamp measurements.
This ideal case can serve as a performance limit for systems
which will be influenced by other clock factors.

Let Na = 40 and Ns = 10. To measure all 780 absolute
ranges and 7800 differential ranges in the network, it requires

2340 signals for AltDS-TWR [20], while only 41 signals
are required by NB-TWR [27] and the proposed SM-NR
method. For fair comparisons, in each experiment, the total
consumed signals are constrained as 2340. Subject to this
constraint, NB-TWR and the proposed SM-NR are performed
�2340/41� = 57 times and consume 2337 signals in total.
Then, 57 output results of NB-TWR and SM-NR are averaged
as their range measurements.

By jointly performing active and silent ranging meth-
ods, we plot the RMSEs of absolute ranges and differential
ranges against the maximal clock frequency deviation emax

in Fig. 4 (a) and Fig. 4 (b), respectively. From the two figures,
we have the following three observations. First, the RMSE of
the proposed SM-NR are at the millimeter order, indicating
it successfully eliminates most of the errors caused by clock
drifts, as discussed in Section IV. Second, as the clock drift
effect becomes more significant, i.e., emax becomes larger,
the RMSEs of all these three methods increase. Nevertheless,
the RMSE of the proposed SM-NR method is about one
order of magnitude lower than those of the other methods.
For example, for the ToF estimations, when emax is 200 ppm
with 2337 signals, the RMSE of the SM-NR is about 0.9 mm,
while those of NB-TWR and AltDS-TWR are 1.1 mm and
9.4 mm, respectively. As for the silent ranging, the RMSE of
the proposed SM-NR method is about 0.51 mm, while those
of NB-PR and PER are 0.52 mm and 12.1 mm, respectively.
Moreover, even when SM-NR is only performed once which
consumes 41 signals, the RMSE of SM-NR is still much
smaller than those of the traditional methods, which reveals
the robustness of the SM-NR against the effect of clock drifts.
To sum up, these results show the superior performance of the
SM-NR in the presence of clock drifts.

C. RMSE of SM-NR in the Presence of Timestamp
Measurement Errors

In this section, we evaluate the performance of the proposed
SM-NR method under the effect of timestamp measurement
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Fig. 5. The RMSE of absolute ranges against the standard deviation of timestamp measurement error σw .

Fig. 6. The RMSE of differential ranges against the standard deviation of timestamp measurement error σw .

error w with the clock model (6). Similar to [17], [39], here
we assume the measurement errors of timestamps w

(n)
m are

Gaussian distributed with zero mean and variance σ2
w. We fix

the maximal clock frequency deviation emax as 10 ppm and
400 ppm, and the other system settings are similar as the
previous section.

The RMSEs of absolute ranges and differential ranges as
functions of the standard deviation of timestamp measurement
error σw are shown in Fig. 5 and Fig. 6, respectively. There are
three observations worth noting. First, for ToF and TDoF esti-
mations, with different emax, the RMSEs grow from different
initial values. For example, the lowest RMSE of AltDS-TWR
is 0.47 mm when emax = 10 ppm and becomes 18.9 mm when
emax = 400 ppm. The reason is that, when the timestamp
measurement error is low, the factors causing range estimation
errors are dominated by the clock drifts. In contrast, when
σw > 1 ns, the differences between the two cases with differ-
ent emax disappear. It is because the factors causing ranging
errors are dominated by the clock measurement errors when
σw is large enough. Second, we observe that the RMSE of the
SM-NR method is one order of magnitude lower than those of

other existing methods. For example, when emax = 10 ppm
and σw = 2 ns, for the ToF estimations shown in Fig. 5,
the RMSEs of AltDS-TWR, NB-TWR, and the proposed
SM-NR method are 31 cm, 21 cm, and 5.1 cm, respectively.
While for silent ranging, as shown in Fig. 5, the RMSEs of
PER, NB-PR, and the proposed SM-NR method are 53 cm,
35 cm, and 8.8 cm, respectively. This result indicates that,
constrained by the consumed signals in total, the proposed
joint synchronization and ranging methods are much more
robust against the timestamp measurement errors. Finally,
we also note that, when all methods are only performed
once, the RMSE of NB-TWR and PER are about an order of
magnitude higher than those of the other methods. The reason
is that the synchronization time of NB-TWR is very short,
which is determined by its inherent ranging protocol [27].
As we have discussed in Section IV-C, shorter synchronization
time will amplify the effect of timestamp measurement error
on clock synchronization, which leads to larger ranging error.
Consequently, we can conclude that, our proposed SM-NR
method will provide a much more robust ranging service for
high-precision network localization.
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Fig. 7. The RMSE of (a) absolute ranges (b) differential ranges against the maximal clock frequency deviation emax.

Fig. 8. Three different topologies of networks with 40 active nodes and 10 silent nodes. The position estimation results are obtained from the combination
of Algorithm 1, Algorithm 2, and the relative position transformation in Section V-B.

D. RMSE of the SM-NR With Different Ratios of Active
Nodes to Silent Nodes

To evaluate the effect of the ratio of active nodes to silent
nodes on ranging accuracy, here we fix the total number of
network nodes as Na + Ns = 50, and then we set emax =
400 ppm and σw = 0.4 ns. The RMSE of different ranging
methods as a function of the number of active nodes Na is
shown in Fig. 7.

From these two figures, we observe that the accuracies of
AltDS-TWR and PER are almost unchanged with the increas-
ing number of active nodes Na. This is because these two
methods adopt the node-to-node ranging protocol and thus do
not depend on the number of active nodes. Besides, the accu-
racy of NB-TWR and NB-PR become worse as the number of
active nodes increases. It is for the reason that, as the number
of active nodes Na increases, the total consumed time of the
ranging protocol of NB-TWR and NB-PR becomes longer.
Since the synchronization time of NB-TWR and NB-PR is
fixed, the synchronization time becomes relatively shorter
compared with the total ranging time, and thus the influence of
timestamp measurement error on ranging is gradually ampli-
fied, as discussed in Section IV-C. By contrast, we can observe

that the proposed SM-NR method keeps a good performance
in both active and silent ranging. Particularly, its accuracy
becomes higher as Na increases. The reasons are two-fold.
Firstly, the synchronization time T in SM-NR becomes longer,
which alleviates the effect of timestamp measurement error
on ranging accuracy, as discussed in Section IV-C. Secondly,
more active nodes in the network means that, more wideband
signals are utilized for ranging, which brings more timestamp
observations thus improving the accuracy.

E. RMSE of Proposed Network Localization Algorithm

Next, we analyze the performance of the proposed net-
work localization algorithm. As discussed in Section IV,
the accuracies of the ranging methods are influenced by the
ranges, while the localization accuracy critically depends on
the ranging accuracy. We consider one random topology and
two typical network topologies in Fig. 8, where the maximal
clock frequency deviation is emax = 400 ppm, the standard
deviation of timestamp measurement error is σw = 2 ns,
and the estimated positions of active and silent nodes are
determined by performing the proposed SM-NR method. From
Fig. 8, we observe that the positions of all active nodes and

Authorized licensed use limited to: Tsinghua University. Downloaded on March 11,2022 at 17:00:49 UTC from IEEE Xplore.  Restrictions apply. 



ZHANG et al.: SIGNAL-MULTIPLEXING RANGING FOR NETWORK LOCALIZATION 1707

Fig. 9. The error of relative position estimations ε against the maximal clock
frequency deviation emax where σw = 50 ps.

silent nodes are precisely estimated, with errors no larger than
10 cm, which demonstrates the effectiveness of the proposed
SM-NR method and the network localization algorithm.

We adopt the randomly generated topology in Fig. 8 (a) for
further evaluations. The relative position errors against the
maximal clock frequency deviation emax and the clock mea-
surement error σw are presented in Fig. 9 and Fig. 10,
respectively, where the performance metric, the relative posi-
tion error ε, is defined in (50). First, we observe that the
overall trends of relative localization errors are consistent
with those of the ranging errors, and the relative localization
errors of the proposed SM-NR method are about one order of
magnitude lower than those of the other methods. For example,
when the clock measurement error is σw = 2 ns, the errors
of AltDS-TWR+PER, NB-TWR+NB-PR, and the proposed
SM-NR are 13.3 cm, 8.3 cm, and 2.3 cm, respectively, which
meets the requirement of high-precision localization. Second,
since both of the timestamp measurement error and the clock
drift error will affect the localization performance, appropriate
ways should be adopted case by case to mitigate the position
estimation error in practical systems. For example, from Fig. 9,
we note that when the clock measurement error is small (i.e.
σw = 50 ps), the clock drifts dominate and thus the localiza-
tion performance can be greatly improved by employing more
stable clocks. In contrast, when the clock frequency deviation
is small (i.e. emax = 10 ppm), the timestamp measurement
error dominates and then improving the signal transmit power
and sampling rate, will be more efficient in improving the
localization accuracy.

VII. CONCLUSION

In this paper, we established a high-efficiency localiza-
tion framework, which fully mitigates the clock drifts using
a minimum number of transmissions. Specifically, a net-
work ranging method named SM-NR was proposed, which
consists of a ranging protocol with the minimum required
number of signal transmissions, and an ML range estimator
which effectively mitigates clock drifts. Then, with the range
estimations, the positions of active and silent nodes can

Fig. 10. The error of relative position estimations ε against the standard
deviation of timestamp measurement error σw , where emax = 10 ppm.

be jointly determined. Performance analysis and simulation
results showed that compared with the state-of-the-art ranging
methods, the proposed SM-NR can achieve orders of magni-
tude accuracy enhancement with much lower signal overhead.
This work provides a guideline to achieve high-precision
network localization under the influences of clock drifts with
low signal overhead, especially for large-scale networks.

For follow-up works, several issues are worth further
investigations. First, this paper mainly focuses on centralized
networks, and designing efficient distributed ranging and local-
ization schemes needs further investigations. Second, the oper-
ating mode and the scheduling strategy are assumed known in
this paper. Determining which nodes forward data, optimizing
the scheduling strategy, and designing an Ad hoc ranging
network are also important issues. Moreover, extensions of the
proposed method allowing the inclusion of non-ideal wireless
propagation such as multipath effects are of interest.

APPENDIX A
PROOF OF PROPOSITION 5

According to (34), the RMSE of di,j can be rewritten as

RMSEi,j =
√

Ee

{
2
i,j

}
=

√
Ee{Y2}

T 2(1 + emax)
2 + 1− 2

Ee{Y}
T (1 + emax)

di,j

(52)

where Y := max
n∈N

{
T(n)

}
. Since e(n) is uniformly distributed

in [−emax, +emax], each T(n) is uniformly distributed in the
range [(1− emax)T, (1 + emax)T ], and thus the cumulative
distribution function (CDF) of Y can be written as

FY(y)=

⎧⎨⎩
N∏

n=1

y − (1− emax)T

2emaxT
, −emax ≤ y

T
− 1 ≤ emax,

0, otherwise.

(53)
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RMSEi,j =

√√√√ 4Ne2
max

N+2 + (1− emax)
2 + 4N(1−emax)emax

N+1

(1 + emax)
2 + 1−

4Nemax
N+1 + 2 (1− emax)

(1 + emax)
di,j

=

√√√√ 4Ne2
max

N+2 − 8Ne2
max

N+1 + 4e2
max

(1 + emax)
2 di,j =

√
8

(N + 2) (N + 1)
emaxdi,j

(1 + emax)
. (57)

Then, the PDF of Y can be derived as

fY(y) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
N

(2emaxT )N
(y−(1−emax)T )N−1

,

−emax≤ y

T
−1≤emax,

0, otherwise.

(54)

With the PDF of Y, the expectations of Y and Y2 can be
calculated as

Ee {Y} =
N

(2emaxT )N

×
∫ (1+emax)T

(1−emax)T

y(y − (1− emax)T )N−1
dy

=
N

(2emaxT )N

∫ 2emaxT

0

zNdz

+
N (1− emax)T

(2emaxT )N

∫ 2emaxT

0

zN−1dz

=
2NemaxT

N + 1
+ (1− emax)T (55)

Ee

{
Y2
}

=
N

(2emaxT )N

×
∫ (1+emax)T

(1−emax)T

y2(y − (1− emax)T )N−1
dy

=
N

(2emaxT )N

∫ 2emaxT

0

zN+1dz

+
N(1− emax)

2
T 2

(2emaxT )N

∫ 2emaxT

0

zN−1dz

+
2 (1− emax)TN

(2emaxT )N

∫ 2emaxT

0

zNdz

=
4Ne2

maxT
2

N + 2
+ (1− emax)

2
T 2

+
4N (1− emax) emaxT

2

N + 1
. (56)

By substituting (55) and (56) into (52), we obtain the
closed-form of RMSEi,j (57) as shown at the top of the page,
which completes the proof.
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